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Low-energy suspension structure of a magnetorheological fluid
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The application of a pulsed magnetic field to an emulsion of monodisperse, magnetizable oil droplets yields
an energetically determined suspension structure. For droplets with a radiusr>0.32 mm and a magnetic
susceptibility ofx 5 2.2, the low-energy suspension structure comprises ellipsoidal aggregates with conical
spikes. The eccentricity of the ellipsoidal aggregates can be explained primarily by a competition between
demagnetizing field and surface effects. Calculations of the equilibrium ellipsoid width-to-length ratio based on
these two dipolar forces, as well as the relatively minor effects of interaggregate repulsion and gravity, provide
good agreement with experimental observations of aggregate shape. The formation of conical spikes on the
aggregate ends results from a surface energy anisotropy that forbids surfaces perpendicular to the field direc-
tion. A comparison of the narrow range of observed spike sizes with surface energy anisotropy calculations
suggests that surfaces are stable only when the ratio of the surface energy to the dipolar energy driving chain
formation exceeds a critical value. A slight dependence of the range of allowable spike sizes on pulse fre-
quency is observed and could arise from a variation in the internal structure of the aggregates with pulse
frequency.@S1063-651X~97!00207-9#

PACS number~s!: 82.70.2y
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I. INTRODUCTION

Magnetorheological~MR! fluids are suspensions of par
magnetic particles in a nonmagnetic fluid. When a magn
field is applied to a MR fluid, the particles acquire a dipo
moment aligned with the external field and aggregate tip
tip to form chains parallel to the applied field. At high pa
ticle volume fractions, these chains cross-link and the s
pension effectively solidifies@1#. Due to this capability for a
rapid rheological response, MR fluids have the potentia
revolutionize electromechanical interfaces and are a sub
of great interest. Current commercial MR fluid products
clude tunable dampers and brakes, while future applicat
in robotics, clutches, and a host of vibration-control syste
are envisioned@2,3#.

Most studies of MR fluids to date have focused on th
response to a continuous~dc! field. When exposed to a
strong, continuous magnetic field, concentrated MR flu
rapidly form a cross-linked network. This fibrous network
capable of supporting a stress and is the desired struc
when increased resistance is needed; it is not, however
lowest-energy suspension structure. The continuous-fi
structure is determined by the kinetics of aggregation
particles are prohibited from rearranging to minimize ene
as long as the field persists. In contrast, we recently fo
that the application of a pulsed field~square wave alternatin
between field-on and field-off states! to a MR fluid does
produce an energetically determined suspension struc
@4#. By allowing particle diffusion during the field-off state,
pulsed field enables minimization of energy through str
tural rearrangements. In dramatic contrast to the cross-lin
network that results from the application of a continuo
field, we discovered that for particles with a magnetic s
ceptibility of x52.2 and radiusr>0.32mm, the low-energy
suspension structure produced by a pulsed magnetic
comprises ellipsoidal aggregates with spiked ends. Hav
561063-651X/97/56~1!/642~10!/$10.00
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access to this energetically relaxed state is extremely v
able for the information it gives about the structur
determining competition between the dipolar interactions
a MR fluid.

In this paper we present an analysis of the low-energy M
fluid suspension structure consisting of ellipsoidal aggrega
with conical tips. We begin by reviewing the evolution o
suspension structure in a MR fluid exposed to a pulsed m
netic field. We then calculate the equilibrium eccentricity
an ellipsoidal aggregate by incorporating the effects of
demagnetizing field, surface energy, interaggregate re
sion, and gravity and compare our results with experimen
measurements. In Sec. III, we analyze the formation of
conical spikes by interpreting our experimental findings
the context of the surface energy anisotropy calculations
formed by Lobkovsky and Halsey@5#. We also present in-
formation on the effects of pulse frequency on spike ang

II. ELLIPSOID ECCENTRICITY

A. Experimental motivation

We studied an emulsion of ferrofluid-containing oil dro
lets dispersed in water and stabilized against irreversible
gregation by sodium dodecyl sulfate. The ferrofluid,
Rhône-Poulenc product provided by J. Bibette, is in the fo
of small grains of 100-Å single magnetic domains of the ir
oxide Fe2O3 dispersed in octane at 19% by volume. The ir
oxide domains are ferromagnetic, but since no long-ra
order exists between domains, the droplets are superp
magnetic; their magnetization is completely reversible a
at low field strengths, is proportional to the external fie
throughx the effective magnetic susceptibility. Using a fra
tionation procedure developed by Bibette@6#, we synthesized
and fractionated the emulsions into very monodisperse
stable fractions ranging in droplet size from a radius of 0
mm to 0.5mm. For the experiments discussed in this pap
642 © 1997 The American Physical Society
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56 643LOW-ENERGY SUSPENSION STRUCTURE OF A . . .
FIG. 1. Suspension structure of a MR flui
sample with a droplet volume fraction off 5
0.005 and particle radius ofr50.32mm ~a! 1 s,
~b! 3 min, ~c! 15 min, and~d! 1 h after the appli-
cation of a pulsed magnetic field of streng
H51480 A/m (l537) and pulse frequency
n52.0 Hz. The field direction is parallel to th
long axis of the aggregates.
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we used samples with a droplet radiusr of 0.32mm and a
droplet magnetic susceptibilityx of 2.2.

The suspensions are held on a microscope stand in se
microrectangular tubes, 50mm3 1 mm in cross section an
50 mm in length. A uniform magnetic field is generated
the sample by two coils of copper wire placed one on e
side of the sample. After application of the magnetic fie
the evolution of suspension structure is recorded with
charge coupled device video camera and digital images,
sisting of 5103492 pixels with 256 gray levels, are obtaine
for analysis.

When the magnetic field is applied, the emulsion dropl
acquire dipole momentsm5 4

3pr
3m0xH, wherer is the par-

ticle radius,m0 is the magnetic permeability of a vacuum
andH is the external field. The interaction energyU(x,u)
between two droplets with aligned, identical dipole mome
is

U~r ,u!5
m2

4pm0

123cos2u

x3
, ~1!

wherex is the distance between sphere centers andu is the
angle between the applied field and the line joining
sphere centers. The dimensionless dipole strengthl provides
a ratio of the maximum magnetic attraction between t
droplets~i.e., droplets touching and aligned with the extern
field! to the thermal energy

l5
2Umax

kT
5

pm0r
3x2H2

9kT
. ~2!

The structural rearrangements that accompany the m
mization of energy in a MR fluid sample are illustrated
Fig. 1, which shows the effects of a pulsed magnetic field
strengthH51480 A/m, corresponding tol 5 37, and fre-
quencyn 5 2.0 Hz on a sample with droplet volume fractio
f 5 0.005. Figure 1~a! is an image of the cross-linked ne
work that forms in an immediate kinetically driven respon
led
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to the applied field. This network quickly disintegrates in t
pulsed field as the droplets are energetically driven into c
centrated and depleted regions. The originally rather colu
nar aggregates then slowly rearrange into their final ellips
dal shape@Fig. 1~d!#. Figure 2 shows a magnified view of th
final shape of the energetically relaxed aggregates. Our
in Sec. II B is to calculate the equilibrium aggregate sha
based on what we believe are the most important struct
determining forces and compare the calculated low-ene
shape with our experimental results to gauge how well
truly understand the interplay of forces in a MR fluid aggr
gate.

B. Calculations: Model

Various dipolar interactions compete to determine
most energetically favorable aggregate shape in a MR fl
The three primary structure-determining interactions are
demagnetizing field, the surface energy, and the repul

FIG. 2. Magnified view of aggregates formed under the sa
experimental conditions as in Fig. 1~d!.
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644 56JOANNE H. E. PROMISLOW AND ALICE P. GAST
interaction between aggregates@7,8#. The demagnetizing
field forms inside a magnetizable ellipsoid exposed to
external magnetic field. Its direction always opposes tha
the applied field; the demagnetizing field therefore weak
the total field inside the ellipsoid and consequently increa
the aggregate energy. Minimizing the demagnetizing fi
favors the formation of long, thin aggregates. The surf
energy arises from the fact that particles on the surface of
aggregate experience a weaker local field than particle
the bulk and consequently contribute less to the total ag
gate dipole moment. Since a greater aggregate dipole
ment corresponds to a lower aggregate energy, creatin
surface costs energy and minimizing the surface energy
favors decreasing the surface area by adopting a more sp
cal shape. The repulsive interaction between aggregate
vors increasing the interaggregate separation distance
forming fewer, bigger aggregates rather than smaller, m
closely spaced aggregates.

All theories that have been developed to calculate
lowest-energy structure of a system of interacting dipo
colloids have been based on all or some of these three d
lar interactions@7–10#. In all cases, the aggregate length w
assumed to be invariant and equal to the cell length in
field direction. Only the dependence of aggregate width
interaggregate separation on aggregate length has been
culated. It is clear from our experiments, however, that
equilibrium aggregate length is not necessarily fixed by
cell dimensions. We decided therefore to perform calcu
tions of the most energetically favorable aggregate eccen
ity by incorporating the effects of the demagnetizing fie
the surface energy, and the interaggregate repulsion. A c
parison of the calculated results with our experimental m
surements could then be used to test the validity of equ
rium properties determined by theories based primarily
these dipolar interactions.

We begin by reviewing the derivation of the equation f
the total suspension energy. In order to render calculatio
the demagnetizing field tractable, we model the aggregate
ellipsoids of semilengtha, semiwidthb, and semithickness
c with the axisa parallel to the external magnetic field, th
axis c parallel to gravity, and the axisb perpendicular to
both the field and gravity anda>b>c, as shown in Fig. 3.
The total energyUT for a suspension of ellipsoidal aggre
gates of magnetizable material in an external magnetic fi
H is given by@11#

UT52
Nma•H

2
, ~3!

whereN is the number of aggregates andma is the magnetic
moment of an aggregate. The demagnetizing field, the
face energy, and the interaggregate interaction all influe
ma .

FIG. 3. Ellipsoid of semilengtha, semiwidthb, and semithick-
nessc with a>b>c. The external field is parallel to thea axis and
gravity is parallel to thec axis.
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An isolated ellipsoid of a homogeneous magnetic medi
has a magnetic momentmh given by

mh5m0VaF xaH

11~4pxa!nz
G , ~4!

with Va the aggregate volume,xa the average magnetic sus
ceptibility of the aggregate, andnz the demagnetizing facto
that accounts for the strength of the internal demagnetiz
field. We determinexa from the magnetic susceptibility o
the dropletsxd , the magnetic susceptibility of the medium
xm , in this case water, and the volume fraction of droplets
an aggregatefa using Bruggeman’s model for spherical in
clusions@12#:

S xa2xd

xm2xd
D S 114pxm

114pxa
D 1/3512fa . ~5!

Assuming random close packing (fa50.64), with xd52.2
andxm50, we thus obtainxa50.58.

The demagnetizing factornz is determined solely by the
shape of the ellipsoidal aggregate, decreasing as the ellip
elongates. For an ellipsoid of revolution (b5c in Fig. 3!, the
demagnetizing factor is given simply by@11#

nz5F12e2

2e3 GF lnS 11e

12eD22eG , ~6!

with e5(12b2/a2)1/2 the ellipsoid eccentricity. Since we
cannot assume that an ellipsoid of revolution is the m
favorable aggregate shape and we are unable to experim
tally determine the thickness of our aggregates, we use
full form of the equation for the demagnetizing factor
allow calculation of the aggregate energy for all possi
ellipsoidal shapes. Settingb5b/a and g5c/a ~thus
1>b>g), the demagnetizing factor can be expressed
@13#

nz5
bg

~12g2!1/2~12b2!
$F~k,w!2E~k,w!%, ~7!

whereF(k,w) andE(k,w) are incomplete elliptic integrals
of the first and second kind, respectivel
k25(12b2)/(12g2) and sin2w512g2. We numerically
evaluate the elliptic integrals using the arithmetic-geome
mean method@14#. The demagnetizing factor is plotted as
function ofb andg in Fig. 4. Notice that the demagnetizin
factor depends on the relative rather than the absolute len
of the semiaxes and increases with both increasingb and
g.

Following Grasselliet al. @8#, we next incorporate the ef
fects of the surface energy and the repulsive interaction
tween aggregates into the total-energy calculation. As m
tioned previously, the surface energy derives from
droplets on the surface of the aggregate experiencin
weaker local field than droplets in the bulk due to the a
sence of magnetization from surrounding droplets on hal
the spherical surface of a droplet on the aggregate surf
The dipole moment of a droplet on the surface is thus wea
than the dipole moment of a bulk droplet by an amou
dm and the actual aggregate dipole momentma is reduced
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56 645LOW-ENERGY SUSPENSION STRUCTURE OF A . . .
from the homogeneous valuemh by an amountms5Nsdm,
whereNs is the number of droplets on the surface. Althou
the surface energy is dependent on the configuration of
first two or three particle layers below the surface, we c
sider only the first layer since lattice model calculations ha
shown the contribution from this surface layer to be
greater than all others@15#.

Although the value ofdm is sensitive to the precise struc
ture of the surface and is generally anisotropic as w
@5,15,16#, no theoretical treatment incorporating the effe
of the surface energy anisotropy on aggregate shape ex
We thus use a mean-field approach to estimatedm for a
homogeneous ellipsoid with uniform polarization
dm5m0VdxddH, whereVd is the droplet volume anddH is
the difference between the local field in a bulk droplet an
surface droplet. Since the internal field in a spherical drop
arising from the uniform magnetizationM of the surround-
ing media isM /3,dH can be approximated asM /6xa , where
M5mh /m0Va . Making the substitutionfa5VdNd /Va thus
gives

ms5nsmh with ns5
Ns

Nd

xdfa

6xa
, ~8!

whereNd is the number of droplets in the aggregate. T
total aggregate dipole moment then becomes

ma5mh~12ns!. ~9!

In calculatingns , we estimate the ratioNs /Nd by assuming
uniform droplet density within the aggregate so th
Ns /Nd5Vs /Va , whereVa5

4
3pabc is the volume of the ag-

gregate andVs5
4
3pabc2

4
3p(a22r )(b22r )(c22r ) is the

volume occupied by the surface layer of particles.
The repulsive interactions between the aggregates als

ters ma . When these interaggregate repulsive forces
taken into account, the homogeneous magnetic momenmh
of an aggregate surrounded by ellipsoidal aggregates,
with total dipole momentma , becomes@8#

mh5aS m0H2(
j
Ti jmaD . ~10!

The polarizabilitya is equal tomh /m0H for an isolated ag-
gregate and can be determined from Eq.~4!. The quantity

FIG. 4. Demagnetizing factor as a function ofg for b values of
0.2, 0.4, 0.6, 0.8, and 1.0 indicated on the curves. The dashed li
the curve forb5g.
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Ti j describes the field experienced by aggregatei due to an
aggregatej a distancedi j away. In the dipolar approxima
tion, where each aggregate’s polarization is concentrated
tirely on its revolution axis,Ti j is given by

Ti j5
1

4a2F 2di j 2
2

~di j
214a2!1/2G . ~11!

Since our objective is to incorporate the effects of neig
boring aggregates on the most energetically favorable e
soid eccentricity for the experimental conditions of Fig.
rather than examine the effects of interaggregate repulsio
aggregate spacing, we fix the interaggregate separationd0 to
be 32mm, the experimentally observed average aggreg
separation distance. To calculate( jTi j , we sum the contri-
bution from pairs of aggregates withdi j5nd0 for the nth
pair until the contribution becomes negligible.

An equation for the total suspension energy incorporat
the effects of the demagnetizing field, the surface energy
the repulsive interaction between aggregates can now
written. Solving Eqs.~9! and ~10! simultaneously yields the
total aggregate dipole momentma . Using the resulting ex-
pression forma in Eq. ~3! and making the substitution
NVa /V5f/fa then gives

UT

V
52

fH2

2fa
F m0xa

11~4pxa!nz
GF 12ns

11nr~12ns!G , ~12!

with nr5a( jTi j .
Preliminary calculations using Eq.~12! show that the

most energetically favorable ellipsoid width-to-length ra
b/a exhibits a sensitive dependence on the ellipsoid se
thicknessc. As mentioned previously, we could not dete
mine the value ofc experimentally. Since the ferrofluid
containing droplets are much heavier than water, havin
density of 1.56 g/cm3, and the aggregates are resting on t
bottom of the sample holder, we felt it necessary to inclu
the effects of gravity on aggregate shape in case gravity
influencing aggregate thickness.

To incorporate gravitational effects, we treat the agg
gate as a series of layers, each one-particle diamete
height. We estimateNl , the number of particles in layerl by
calculating the volume of layerl , dividing by the total ag-
gregate volume and multiplying byNd the total number of
droplets in the aggregate. The energy of the aggregate du
gravitational effectsUG is then

UG5(
l

~rd2rw!VdghlNl , ~13!

whererd2rw is the density difference between a droplet a
water,Vd5

4
3pr

3 is the droplet volume,g is the gravitational
acceleration, andhl52r ( l21) is the distance from the bot
tom of layerl to the aggregate bottom. Multiplying Eq.~13!
by N/V gives the total gravitational contribution to the su
pension energy per volume. Adding the gravitational ene
to the dipolar energy in Eq.~12! and substitutingf/Vafa for
N/V yields the final expression for the total energy of t
suspension per volume:

is
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UT

V
52

fH2

2fa
F m0xa

11~4pxa!nz
GF 12ns

11nr~12ns!G1
fUG

Vafa
.

~14!

C. Calculations: Results and discussion

To predict the most energetically favorable aggreg
shape, we used Eq.~14! to computeUT /V for all possible
aggregate shapes for an aggregate of constant volumeVa .
Beginning with the thinnest possible ellipsoid (b5r ), we
slowly increased the aggregate semiwidthb until b5a. For
each value ofb, we calculatedUT /V for every possible com-
bination of c and a that satisfied the constant volume r
quirement and the requirement thata>b>c>r .

In Fig. 5 we plotUT /V versusb* /a, whereb* /a is the
lowest energyb to a ratio corresponding to a givenb value.
Note that solving forUT /V as a function ofb* /a does not
constrainc to be a constant or a predetermined function
b, but rather allows for a global minimization of energy b
considering all possible ellipsoidal shapes. The variation
the most energetically favorable aggregate semithickn
c* with b* /a will be discussed below.

The values plotted in Fig. 5 are for a particle radius
0.32 mm, a droplet magnetic susceptibility of 2.2, and
aggregate volume of 2800mm3, the average estimated vo
ume of the aggregates that form under the experimental
ditions of Fig. 1. We chose to analyze aggregates of
relatively low volume because larger aggregates deve
multiple spikes per end and thus deviate further from
ellipsoidal model. The smallestb* /a value in Fig. 5 corre-
sponds to a fully elongated ellipsoid, one that spans the 1
cell width. The energetic minimum occurs at ab* /a value of
0.037 witha581.0 mm, b53.02 mm, andc52.71 mm.

A histogram of experimentalb/a values for aggregate
formed under these experimental conditions is shown on
same scale in Fig. 6. The average experimental va
b/a50.06360.0235 is shown in Fig. 5 for comparison wit
the theoretically predicted energetic minimum. Figures 5 a
6 thus show that the lowest-energy aggregate shape pred
by the theory is slightly more elongated than the aver
experimental value, but still well within the range of shap
observed experimentally. This close agreement betw

FIG. 5. Total energy per suspension volume as a function
b* /a, the lowest energyb to a ratio for each given value ofb ~i.e.,
the total energy is a function ofc as well asb/a), for particles with
r 5 0.32mm andx52.2 and an aggregate volume of 2800mm3.
The bar indicates the average experimentally observedb/a values.
e

f

n
ss

f

n-
is
p
r

m

e
e

d
ted
e
s
en

theory and experiment is very promising and supports
validity of this model based on the competition between s
face energy, the demagnetizing field, and interaggregate
pulsion.

We note that a more exact agreement between the t
retically predicted lowest-energyb/a value and the averag
experimentalb/a value cannot reasonably be expecte
given the limitations of the theory. In order to calculate t
demagnetizing field, it was necessary to model the agg
gates as ellipsoids. Figure 2 clearly shows, however, that
aggregates are not perfect ellipsoids, having conical end
the field direction rather than a uniformly smooth surfac
These conical tips cannot be incorporated into the theory,
do alter the interplay of the demagnetizing field and surfa
energy in the end region. Furthermore, only an isotropic
pression for the surface energy could be included in
theory since no analytical treatment incorporating the infl
ence of the anisotropic nature of the surface energy on
gregate shape exists. Thus theb/a value corresponding to
the theoretical energy minimum should be regarded more
a reasonable approximation than as a precise predictio
the equilibrium aggregate shape.

It is useful to examine the contributions from gravity an
the three dipolar energies to the curve in Fig. 5 to assess
relative significance of each component. Analysis of t
gravitational termfUG /Vafa indicates that the total energ
exceeds the gravitational energy by approximately two
ders of magnitude and the effect of gravity on aggreg
shape is very minor and can essentially be regarded a
slight perturbation to the total-energy curve.

The first expression on the right-hand side of Eq.~14!
contains the energetic contributions from each of the th
dipolar interactions. From analysis of this expression, we
that the term2fH2m0xa/2fa is independent of aggregat
shape and represents the suspension energy at its mini
~i.e., when no dipolar interactions are present andnz ,ns ,
andnr50). The term 1/@11(4pxa)nz# contains the effects
of the demagnetizing field on aggregate shape, the t
12ns represents the surface energy effects on aggre
shape, and 1/@11nr(12ns)# is a term incorporating the
contribution from the interaggregate repulsive interactio
Plots of the product of each of these three multiplicat
factors and the shape independent factor2fH2m0xa/2fa
are shown in Fig. 7. Each plot is equivalent to the suspens
energy when only the specified dipolar interaction is

f
FIG. 6. Histogram of experimentalb/a values for aggregates

formed under the same experimental conditions as in Fig. 5.
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56 647LOW-ENERGY SUSPENSION STRUCTURE OF A . . .
cluded and thus illustrates the relative influence of each
polar interaction on the shape of the total-energy curve.
total suspension energy when all three dipolar forces are
cluded is also shown in Fig. 7. Gravitational effects are
included in these calculations in order to isolate the effec
each dipolar force on aggregate shape. For comparison,
dipolar interactions are considered, the total suspension
ergy has a value of20.0264 J/m3 and is invariant with
aggregate aspect ratio. Each dipolar interaction thus
creases the suspension energy, although the increase is
mal in the case of the interaggregate repulsion.

The amount of influence a specific dipolar interaction h
on aggregate shape is indicated by the degree of variatio
the corresponding energy curve withb* /a. Figure 7 thus
illustrates that for the experimental conditions specified
these calculations, the repulsive interaction between ag
gates is relatively insignificant and aggregate shape is de
mined primarily by the competition between surface ene
and demagnetizing field effects. The surface effects domin
the shape of the total-energy curve at elongated shapes, w
the demagnetizing field effects become more significan
larger b* /a values. The total energy plotted in Fig. 5 th
initially decreases with increasingb* /a at low b* /a values

FIG. 7. Calculated suspension energy when the effects of
interaggregate repulsion~— —!, the surface energy (•••) and
the demagnetizing field~- - -! are considered separately and wh
all three dipolar effects are included together~—–!, plotted as a
function of b* /a, the lowest energyb to a ratio for each given
value ofb. Gravitational effects are not included in these calcu
tions.

FIG. 8. Total suspension energy per volume as a function of
aggregate semithicknessc for aggregate semiwidth values o
b52.02 mm ~—–!, b53.02mm ~- - -!, andb54.22mm (•••).
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where the surface energy dominates and favors a m
spherical shape, but eventually increases withb* /a when the
demagnetizing field becomes the more dominant effect
favors a more elongated aggregate shape. Theb/a value cor-
responding to the energetic minimum is thus determined
the crossover between the dominance of surface energy
demagnetizing field effects.

A similar explanation accounts for the aggregate thic
ness. Figure 8 shows the total energy per suspension vol
as a function of aggregate semithicknessc for three values of
the ellipsoid semiwidthb. Surface effects dominate at sma
c values, causing the energy to decrease with increasinc,
until demagnetizing effects take over and, aided slightly
gravitational effects, cause an increase in energy withc. The
crossover point between the dominance of demagnetiz
field and surface effects, which determines the most energ
cally favorable aggregate thickness, shifts to lowerc values
as b increases. This shift accounts for the decrease in
most favorable semithicknessc* asb increases in the latte
part of thec* versusb curve plotted in Fig. 9. The initial
increase inc* with b in Fig. 9 arises from the fact that a
smallb values, the crossover point is never reached, as il
trated by theb52.02 mm curve in Fig. 8, and thus the mos
favorable semithicknessc* occurs whenc5b. The dashed
line in Fig. 9 shows the shape of thec* versusb curve when
gravitational effects are neglected and demonstrates the
tively minor effects of gravity on aggregate thickness. T
point corresponding to the lowest-energyb and c values,
(b*53.02 mm andc*52.71 mm! is marked on Fig. 9 and
occurs just after the peak in thec* versusb curve. It is
interesting to note that at this aggregate volume,c* would
equalb* , and the most favorable aggregate shape would
an ellipsoid of revolution, were it not for the slight perturb
tive effects of gravity.

The decrease inc* with increasingb and thusb* /a ex-
plains the decrease in the surface energy factor in Fig.
large b* /a values. If c were constant, the surface energ
factor 12ns would increase continuously withb/a since the
surface energy favors adoption of a more spherical shape
the decrease inc* with b* /a is accompanied by a surfac
energy penalty that overrides the benefit gained from
increase in the aggregate width to length ratio.

e

-

e

FIG. 9. The most energetically favorable value of the aggreg
semiwidth c* as a function of the aggregate semiwidthb with
~—–! and without (•••) the effects of gravity. The3 marks the
point corresponding to the lowest-energy values ofb and c
(b*53.02 mm andc*52.71 mm!.
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At larger aggregate volumes, the aggregate ends dev
multiple spikes and can no longer be accurately modele
ellipsoids. No comparison can therefore be made betw
the theoretical predictions and experimental measurem
of aggregate shape for these larger aggregate volumes. E
tion ~14! does indicate, however, that the total suspens
energy UT /V will decrease when larger aggregates a
formed. This trend is supported by the Clausius-Mosotti
lation @7# and our observations that aggregates always c
tinue to grow over the course of an experiment, but ne
break apart to form two smaller aggregates.

Studies with droplets smaller than 0.26mm in radius
show a substantially different structural evolution than t
illustrated in Fig. 1. Instead of relaxing into ellipsoidal a
gregates that are detached from the cell walls, the sma
droplets form very thin, evenly spaced columns that rem
fully extended across the length of the cell. Equation~14!
provides a qualitative explanation of this trend, predicti
more elongated aggregates for smaller droplets. This de
dence of shape on droplet size arises from the fact that
demagnetizing field is invariant with droplet size, whi
Ns /Np and hencens are proportional to the droplet radiu
r . As droplet size decreases, the surface energy effects
diminish, allowing the relatively greater demagnetizing fie
effects to have a more dominant influence on aggreg
shape and resulting in more elongated aggregates. The
sudden transition in suspension structure from detached
lipsoids to fully extended columns as droplet size decrea
from 0.32mm to 0.26mm is not captured by Eq.~14!, how-
ever, which predicts a much more gradual aggregate elo
tion. At r50.01 mm, Eq. ~14! yields a most favorableb/a
value of 7.331023, corresponding to an aggregate leng
2a of 580mm, which is just shy of full elongation across th
cell.

III. AGGREGATE END STRUCTURE

The low-energy MR fluid aggregates that form in a puls
magnetic field have an intriguing end structure. In Fig. 2
can be seen that instead of adopting a smooth ellipso
shape, the aggregates develop conical tips in the field di
tion. This preference for spiked ends is even more dram
in the larger aggregates formed at higher concentrations
illustrated in Fig. 10~a!, which shows the end structure of
sample with a droplet volume fraction of 0.02 after expos
to a strong magnetic field (l537), pulsed at a frequency o
n 5 2 Hz, for 1 h.

It should be noted that the formation of the conical spik
is frequency dependent; at low frequencies the end struc
comprises chainlike projections rather than conical spikes
shown in Fig. 10~b!. At low frequencies the end structur
completely dissolves during each field-off pulse due
Brownian motion of the surface droplets. When the field
reapplied, the droplets undergo a kinetically driven organi
tion into the chainlike projections shown in Fig. 10~b!. In
contrast, at higher frequencies, the droplet diffusion dista
during the field-off pulses is not great enough to erase
end structure and a minimization of energy through re
rangement into conical spikes can occur. The transition
tween frequencies that produce chainlike projections
conical spikes is determined by the average droplet diffus
op
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distance in the field-off statê x2&1/2 and occurs at
^x2&1/2;0.8 mm @4#.

Although inaccessible at low frequencies, conical spike
appear to be the lowest-energy aggregate end structure.
addition, Fig. 10~a! demonstrates that not only are conica
spikes favored over a smooth interface, but the range
spike sizes and angles is limited. Instead of forming just on
conical tip per end that widens as the aggregate grows, t
aggregate end consists of many small conical spikes of ve
similar size and cone angle. To quantify this preference f
conical spikes of a certain size, in Fig. 11 we present a hi
togram of conical half anglesa for two pulse frequencies
n 5 2 and 10 Hz. The conical half anglea is the angle

FIG. 10. Ends of the ellipsoidal aggregates formed in a suspe
sion (f 5 0.02 andr50.32 mm! exposed to a strong (l537)
pulsed magnetic field of pulse frequency~a! 2 and~b! 0.2 Hz. Each
suspension has been in the pulsed field for 1 h and the structures
have achieved their final form.

FIG. 11. Histogram of experimentally measured conical ha
angles for pulse frequencies of 2 Hz~unfilled bars! and 10 Hz~filled
bars!. Gaussian fits to the 2-Hz and 10-Hz data sets are given
—– and•••, respectively.
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56 649LOW-ENERGY SUSPENSION STRUCTURE OF A . . .
between the field direction and one of the faces of the con
spikes, as illustrated by the inset in Fig. 11.

Figure 11 shows that only conical spikes witha<11° are
formed in our experiments. From observation of the agg
gate growth process, it can be seen that whenever l
spikes approach the upper limit of allowable angles, th
become unstable and divide into two smaller spikes, sugg
ing that an energetic penalty exists for large spikes. T
spike division occurs over several minutes and takes plac
a budding process off the side of the spike, where the an
between the conical surface and the field direction is grea
rather than through tip splitting. Spike division begins w
the formation of a thin chain that is attached to the side of
conical spike but aligned with the field direction rather th
the spike surface. The existence of the small chain is te
ous; it is often reabsorbed by the original spike during s
sequent pulses, only to form again almost immediate
Eventually, however, the small chain begins to grow at
expense of the original spike and the end result is two sp
that are well within the boundaries of allowable spike angl
This process is illustrated in Fig. 12.

This strong preference for conical spikes of a certain s
and thus for aggregate surfaces with a specific orienta
relative to the field direction, derives from the surface ene
anisotropy that favors some surface directions over oth
Several theoretical studies of the surface energy of dip
lattices have calculated a negative surface energy for
faces perpendicular to the field direction@5,15,16#. These
studies suggest that such surfaces would be unstable
hence forbidden since a stable interface between two ph
requires a positive free energy of formation in order to p
vent a continuous expansion of the surface region and
eventual complete mixing of the two phases@17#. Our ex-
periments support this interpretation; in all of the experim

FIG. 12. Process of spike division. The pulse frequency of
field is 10 Hz and the middle spike of the aggregate in~a! is un-
stable, having ana value of 8.5°.~b!–~d! show the same aggrega
~b! 15 s,~c! 75 s, and~d! 245 s later as the middle spike divides
two.
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tal images shown in this paper, the field direction is along
long axis of the aggregates and it can be seen that no surf
perpendicular to the applied field exist. In fact, it is by t
formation of the conical spikes that the aggregate is able
circumvent having surfaces perpendicular to the field, wh
still adopting an ellipsoidlike shape.

Lobkovsky and Halsey recently calculated the surface
ergy as a function of the surface orientation with respec
the dipole direction for several dipolar lattice structures,
cluding body-centered-tetragonal~bct!, face-centered-cubic
~fcc!, body-centered-cubic~bcc!, and simple cubic structure
@5#. Theoretical models have found that the bct structure
the lowest energy@16,18# and this prediction has been up
held in experiments by Chenet al. that identified the lattice
structure adopted by a suspension of dipolar spheres as
@19#. We should note, however, that the predicted ene
differences between the bct and other close-packed la
structures, namely, fcc and hcp, are small, approxima
6%, so that other effects, such as entropic considerati
could influence aggregate structure. While a bcc structur
reasonably close in energy to the close-packed structures
simple cubic has a significantly higher energy and thus
will not discuss it in this analysis.

For a bct lattice, Lobkovsky and Halsey calculated th
only surfaces witha<31° have a positive surface energy,
illustrated in Fig. 13. Our experimental observations supp
this result since we observe no surfaces that form an a
with the applied field direction of more than 31°. The calc
lated surface energy curve for the bct has a broad pea
approximately 7°<a<13° and drops off on both sides o
the peak fairly rapidly. The peak overlaps significantly wi
the experimentally observed values ofa. At n 5 2 Hz, the
average experimental value isa56.5°61.5° and the experi-
mental range ofa values observed is 3°<a<11°; for com-
parison with the calculated surface energies, this experim
tal range is shown by the horizontal bar in Fig. 13.

This correlation between the surface directions cor
sponding to the peak of the calculated surface energy cu
and the experimentally observed values ofa could be due to
the instability of surfaces with lower energies. The maximu
surface energy calculated for the bct lattice over the area

e

FIG. 13. Dimensionless surface energys* as a function of the
angle a the surface makes with the field direction for a bod
centered tetragonal lattice structure. The surface energy calcula
were done by Lobkovsky and Halsey@5#. The bar indicates the
range ofa values observed experimentally.
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0.32-mm particle in a 1500-A/m field is approximately 9
kT. At the same field strength, the maximum dipolar int
action between two 0.32-mm particles~i.e., the force driving
the formation of chains aligned with the field! is 38 kT. If the
ratio of the surface energy to the dipolar chaining ene
must be greater than 2 to form a stable surface, then acc
ing to the calculated surface energies, only those surfa
near the peak of the surface energy curve could exist. S
cifically, only spikes with conical half angles in the rang
3<a<17 would be stable. This analysis is supported by
division of conical spikes as they grow beyond a certain c
angle. As the cone angle increases beyond the range c
sponding to the maximum surface energy, the energy of
spike surface decreases, falling below that required to m
tain a stable surface. The surface energy is then compar
to the dipolar energy driving the chaining process and
first stage of spike division, the formation of a thin cha
aligned with the field on the side of the spike surface, beg

This ratio of the surface to chaining energies is indep
dent of field strength and particle size. The surface ene
for the area of a particle iss* (m2/m0r

5)pr 2, wheres* is
the dimensionless surface energy calculated by Lobkov
and Halsey. The magnetic chaining energy is given
Umax and can be obtained from Eq.~1! with u50 and
x52r . The ratio of the two energies reduces simply
(4p)2s* . This invariance of the ratio with respect to fie
strength and particle size is supported by our experime
observations since we find no dependence of the rang
allowable spike sizes on field strength or particle size.

The agreement between the observed cone angles an
surface energy calculations is comparable for the fcc and
structures. The peaks in the surface energy curves for the
and bcc lattice structures are narrower and occur ata values
of approximately 5 and 6, respectively@5#. The peak surface
energies calculated for the fcc and bcc are slightly gre
than for the bct. If a surface energy to chaining energy ra
greater than 2 is the criterion for surface stability, then s
faces witha<20° could exist in a fcc lattice structure an
surfaces witha<16° would be stable in a bcc structur
These differences between the various lattice structures
cate the sensitivity of the surface energy to the precise st
ture of the aggregate.

Figure 11 also demonstrates that there is a slight dep
dence of spike angle on pulse frequency. When the fiel
pulsed at 10 Hz, instead of 2 Hz, the distribution of coni
half angles observed is narrower. Specifically, the maxim
observed spike angle decreases from 11° to 8.5°. To ve
this frequency dependence, we monitored the cone angl
a single aggregate while switching the pulse frequency
tween 2 and 10 Hz. When we started with an aggregate
posed to a field pulsed at 2 Hz, then increased the freque
to 10 Hz, and allowed the end structure to equilibrate,
found that very large spikes (a>7.5°) in the initial end
structure would split, while the rest of the spikes remain
unchanged, as illustrated in Fig. 14. In going fromn 5 2 Hz
in Fig. 14~a! to n 5 10 Hz in Fig. 14~b!, the largest spike
divides while the rest of the end structure remains unalte
Prior to division, the large spike had a half-angle value
a58°, which is at the upper limit of the distribution ob
served forn 5 10 Hz in Fig. 11. When the pulse frequenc
is returned ton 5 2 Hz in Fig. 14~c!, the original spike
-
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pattern is reformed. One explanation for this dependenc
spike angle on pulse frequency could be that the pulse
quency influences the structure of droplets within the spik
thereby impacting the most favorable surface direction si
the surface energy is very sensitive to the precise structur
the aggregate.

IV. CONCLUSION

We have shown that the application of a pulsed magn
field to a magnetorheological fluid produces a low-ene
suspension structure by allowing minimization of ener
through structural rearrangements during the field-off puls
We have analyzed the low-energy suspension structure c
prising ellipsoidal aggregates with conical tips to determ
the primary forces influencing aggregate shape. Mode
the smaller aggregates that form in low-concentration s
pensions as ellipsoids, we calculated the equilibrium agg
gate aspect ratio based on the competing effects of the
magnetizing field, surface energy, interaggregate repuls
and gravity. The most favorable aggregate shape predi

FIG. 14. ~a! The aggregate is in a field with pulse frequency
Hz and all of the conical spikes are stable.~b! Upon increasing the
pulse frequency to 10 Hz, the largest spike in~a! (a58°) becomes
unstable and undergoes spike division.~c! When the frequency is
returned to 2 Hz, the original end structure is regenerated.
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by these calculations was just slightly more elongated t
the average experimental value, but well within the range
shapes observed experimentally. This close agreemen
tween theory and experiment confirmed that aggregate s
is determined primarily by a competition between the d
magnetizing field and surface effects since the interaggre
repulsion and gravitational effects proved to be very min
for these experimental conditions.

An analysis of surface energy anisotropy calculations
dipolar lattice structures suggests that the formation of co
cal spikes derives from the negative surface energy, and
instability, of surfaces perpendicular to the field direction.
comparison of our experimentally observed range of con
half angles with calculations of surface energy as a func
of angle with the field direction indicates that surfaces c
exist only if the ratio of the surface energy to the dipo
chaining energy is great enough to ensure stability. W
spikes grow beyond angles corresponding to the peak in
surface energy curve, the energy of the spike surfaces
creases and becomes comparable to the energy driving
.
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formation of chains aligned with the field. The spike th
becomes unstable and divides into two smaller spikes ha
greater surface energies. We observe a slight dependen
the maximum allowable spike size on pulse frequency. T
dependence could indicate that the pulse frequency is in
encing the internal structure of the spikes, and thereby
spike stability, since the surface energy is quite sensitive
the structure of droplets within a spike.

ACKNOWLEDGMENTS

We are grateful to T. Halsey for stimulating discussio
regarding the surface energy calculations and R. Reamey
his insights on the aggregate thickness. We would like
thank J. Bibette for the donation of the ferrofluid and Be´né-
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